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Abstract: In this paper, we investigate the notions of Wa'-projective, A-injective 
and A-flat modules and give their characterizations, where A is the class of left 
J?-modules. We prove the class of all £Y,r-projective modules is Kaplansky and show 
the existence of ^-covers and ZUr-envelopes over a iCr-hereditary ring R. More¬ 
over, we prove that decomposition of a Wa'-projective module into a projective and 
a coreduced Ux~ projective module over a self A-injective and Wa’-hereditary ring. 
Finally, we prove that every module has an A-injective cover over a Noetherian 
ring R, where A is the class of all pure projective modules. 
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1. Introduction 

Throughout this paper, R denotes an associative ring with identity and all R- 
modules, if not specified otherwise, left J?-modules. R-Mod denotes the category 
of left J?-modules. 

The notion of EP-injective modules over arbitrary rings was first introduced by 
Stenstrom in m- An P-module M is called PP-injective if Ext^(N, M) = 0 for 
all finitely presented P-modules N. Let A be a class of left P-modules. Mao and 
Ding in [16] introduced the concept of A-injective modules (see Definition ED - 

The notions of (pre)covers and (pre)envelopes of modules were introduced by 
Enochs in [5] and, independently, by Auslander and Srnalp in [2], Since then the 
existence and the properties of (pre)covers and (pre)envelopes relative to certain 
submodule categories have been studied widely. The theory of (pre)covers and 
(pre)envelopes, which play an important role in homological algebra and represen¬ 
tation theory of algebras, becomes now one of the main research topics in relative 
homological algebra. 

Salce introduced the notion of a cotorsion theory in m- Enochs showed the 
important fact that closed and complete cotorsion pairs provide minimal versions 
of covers and envelopes. Eklof and Trlifaj [7j proved that a cotorsion pair ( A , B) is 
complete when it is cogenerated by a set. Consequently, many classical cotorsion 
pairs are complete. In this way, Enochs et al. ,3] showed that every module has 
a flat cover over an arbitrary ring. These motivate us to prove the existence of 
Zpr-projective cover and A-injective envelope. In particular, we prove the following 
result. 

Theorem A. Let R be a Ux-hereditary ring. Then every R-module M has a 
Ux -projective cover and an X-injective envelope. 

Self injective rings were introduced by Johnson and Wong in |14j . A ring R is 
said to be self injective if R over itself is an injective module. In this paper, we 
introduce self A-injective ring (see Definition l4.15l) . Mao and Ding [T7] proved that 
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an R/-injective R-module decomposes into an injective and a reduced FT-injective 
R-module over a coherent ring. Similarly, we can prove the following result: 

Theorem B. Let R be a self X-injective and Ux-hereditary ring. Then an R- 
module M is Ux-projective if and only if M is a direct sum of a projective R-module 
and a coreduced Ux -projective R-module. 

Enochs and Pinzon [TS] proved that every module has an RR-injective cover 
over a coherent ring. We prove the following result that provides the existence of 
A-injective cover, where X is the class of all pure projective modules. 

Theorem C. Let R be a Noetherian ring. Then every R-module M has an X- 
injective cover. 

This paper is organized as follows: In Section 2, we recall some notions that are 
necessary for our proofs of the main results of this paper. 

In Section 3, we investigate the notions of A-injective and A-flat modules and 
give their characterizations. 

In Section 4, we introduce Zpr-hereditary ring. Further, we investigate Ux~ 
projective module and give its characterizations. Further, we prove the main results 
which are Theorem 1X1 and Theorem [Bj 

In Section 5, we prove that if M is a submodule of an A-injective P-module 
A , then i: M —► A is a special A-injective envelope of M if and only if A is Ux~ 
projective essential extension of M. 

In the last section, we assume that X is the class of all pure projective modules 
and we prove that every module has an A-injective preenvelope. Moreover, we 
prove the main result of this section is Theorem [Cj 

2. PRELIMINARIES 

In this section, we recall some known definitions and terminologies that will be 
used in the rest of the paper. 

Given a class c £ of left R-modules, we write 

= {N £ R-Mod | Extft(M, N) = 0, V M £ tf} 

= {IV £ R-Mod | Ext^N, M) = 0, VMe^}. 

Following [5], we say that a map / £ Homn(C , M) with C £ ^ is a 'if-precover of 
M, if the group homomorphism Homn(C', f) : Hom^C', C) — > Homn(C' , M) is 
surjective for each C' & c to . A ^-precover / £ Homn(C , M) of M is called a “if-cover 
of M if / is right minimal. That is, if fg = f implies that g is an automorphism 
for each g £ Endn(C). C R — Mod is a precovering class (resp. covering class) 
provided that each module has a ^-precover (resp. ^-cover). Dually, we have the 
definition of ^ preenvelope (resp. ‘if envelope). 

A ^-precover / of M is said to be special na if / is an epimorphism and 
kerf £ < ^ 3 “ L . 

A “^-preenvelope / of M is said to be special ns if / is a monomorphism and 
cokerf £ ±c ^’. 

A ^-envelope <f>: M —»• C is said to have the unique mapping property [5] if for 
any homomorphism /: M —tC' with C' £ there is a unique homomorphism 
g: C —> C' such that gcf = f. 

Recall that an I?-module M is called reduced [2 if it has no nonzero injective 
submodules. An .R-module M is said to be coreduced [5: if it has no nonzero 
projective quotient modules. 

A module is said to be pure projective [TO] if it is projective with respect to pure 
exact sequence. 
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A class ^ of left .R-modules is said to be injectively resolving na if contains 
all injective modules and if given an exact sequence of left R-modules 

C £ ^ whenever A,B £ c tf. 

Definition 2.1. (1) A pair£ = ( A , B ) of classes of modules is called a cotorsion\ T3j 

if A = ± B and B = A ± . 

(2) A cotorsion theory ( A , B) is said to be perfect [ IT5] if every module has an 
A-cover and a B-envelope. 

For an R-module M, fd(M) denote the flat dimension of M and id(M) de¬ 
note the injective dimension of M. The iCc-coresolution dimension of M , denoted 
by cores.dimu x {M) 1 is defined to be the smallest nonnegative integer n such that 
Extf^ 1 (A, M) = 0 for all R-modules A £ X (if no such n exists, set cores.dimu x (M) = 
oo), and cores.dimu x {R ) is defined as swp{cores.dimu x (M)\M £ R-Mod}. 

We denote by Z the ring of all integers, and by Q the field of all rational numbers. 

For a left R-module M, we denote by M + = Homz(M, Q/Z) the character module 
of A/I. 1 0 denotes the class of all injective left R-modules. Also, we denote by Ux 
the class of all A-injective modules (that is, X 1 - = Ux) and Ux the class of all 
^-projective R-modules (that is, Ux = x Ux )■ 

For unexplained terminology we refer to [TJ 2D;. 

3. A-injective and A-flat modules 
We begin with the following definition 

Definition 3.1. [Hjj A left R-module M is called X-injective if Ext 1 R {X,M) = 

0 for all left R-modules X £ X. A right R-module N is said to be X-flat if 
Tor^{N,X) = 0 for all left R-modules X £ X. 

Remark 3.2. It is clear that the class of all injective modules lies between the class 
of all X-injective modules and the class of all flat module lies between the class of 
all X-flat modules. 

Proposition 3.3. Let M be an R-module. Then the following are true. 

(1) M is injective if and only if M is X-injective and id(M) < 1. 

(2) M is injective if and only if M is Ux-injective and cores.dimu x {M) < 1. 

Proof. (1). The direct implication is clear. Conversely, let M be ff-injective and 
id{M) < 1. For any R-module N, consider an exact sequence 0 —»■ N —> E(N) —» 

L —> 0 with E(N) an injective envelope of N. We have an exact sequence •••—>• 
Ext 1 R (E(N), AI) —> Ext]i(N,M) —>• Ext 2 R (N,M) •••. Since id(M) < 1, 
Ext 2 R (N, M) = 0 and hence M is injective. 

(2). The direct implication is clear by the definition of an injective module. 
Conversely, let M be A-injective and cores.dimu x (M) < 1. Consider an exact 
sequence 0 —> M —> E{M) —y L —> 0 with E(M) an injective envelope of M. 

For any R-module X £ X, we have an exact sequence Ext R (X,E(M)) 

Ext R (X, L) Ext 2 R (X, M) —►•••. Since cores.dimu x {AI) < 1, Ext 2 R {X,M) = 0 
and hence L is A-injective. Therefore, Ext, R (L, M) = 0, so that the exact sequence 
is split. It follows that M is a direct summand of E, as desired. □ 

We now give some of the characterizations of ff-injective module: 

Proposition 3.4. Let Iq C X. The following are equivalent for a left R-module M : 

(1) M is X-injective; 

(2) For every exact sequence 0 —> AT —> E —> L —>■ 0, with E £ X , E —> L 

X -precover of L; 
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(3) M is a kernel of an X -precover f: A —>• B with A an injective module; 

(4) M is injective with respect to every exact sequence 0— > A ^ B —> C — >-0, 
with C £ X. 

Proof. (1) =*> (2). Consider an exact sequence 

where E £ X. Then by hypothesis HoniR(E',E) —> Homn(E ', L) is surjective for 
all left i?-modules E' £ X , as desired. 

(2) => (3). Consider the short exact sequence 

0 —► M -+ E{M) A E(M)/M ->• 0. 

Clearly, E(M) £ X. Then, by hypothesis it follows that f: E(M) —> E(M)/M is 
an ZL-precover of E(M)/M. Hence E(M)/ ker / = E(M)/M, and so M = ker/. 

(3) => (1). Let M be a kernel of an ZP-precover f: A —> B with A an injective 
module. Then we have an exact sequence 0 —> M —> A —> A/M —>• 0. Therefore, 
for any left iZ-module N £ X, the sequence Homn(N, A) —> Homn(N, A/M) —> 
Ext R (N, M) — > 0 is exact. By hypothesis, Homa(N, A) —¥ Homn{N,A/M) is 
surjective. Thus Ext R (N, M) = 0, and hence (1) follows. 

(1) (4). Consider an exact sequence 

where C £ X. Then Homn(B, M) —>• Homn(A, M) is surjective, as desired. 

(4) =>■ (1). For each left R- module N £ X, there exists a short exact sequence 

0 —> K ^ P —> N —>-0 with P a projective module, which induces an exact 
sequence Homft(P,M) —> Homa(K, M) —y Ext R (N, M) —> 0. By hypothesis, 
Homn(P, M) —> Homn(K, M) —> 0 is exact. Thus Ext R (N, M) = 0, and hence 
(1) follows. □ 

Example 3.5. Let (T’ ± ) _L = Ux and let (i?,m) be a commutative Noetherian and 
complete local domain. Assume that the depthR > 2 and cores.dimu x (R) < 1. 
Then R/m © E(R) is an Ux-injective module. 

Proof. Consider the residue field k = R/m and an exact sequence 0 —> k —» E[k) A 
E(k)/k —> 0. For any ZY^-injective Y?-module G, the sequence Homa(G, E(k)) —» 
Homn(G, E(k)/k) —> Ext R (G, k) —> 0 is exact. By [24j p 43], </> is an injective cover 
of E{k)/k. Clearly, </> is an ZY^-injective cover of E(k)/k. Thus Homa(G , E(k)) —>■ 
Homn(G, E(k)/k) is surjective. So Ext R (G,k ) = 0, and hence k is ZY^-injective. 
By Proposition [3Hl k is keif. Now, let K be an injective submodule of k. Suppose 
E(k) = K © T, p: E(k) —> L is a projection and i: L —»• E(k) is an inclusion. Since 
f(K ) = 0, f>(ip) = />■ This implies that ip is an isomorphism as f is an ZY^r-injective 
cover. Thus i is an epimorphism, and hence E(k) = L, K = 0. So k = R/m is 
reduced ZY^’-injective. 

Since R is domain, the quotient field Q(R) of a ring R is injective, and Q(R) 
is essential over R. Hence E(R) = Q(R). Now k © E(R ) with E(R) an injective 
YZ-module and k a reduced ZY^-injective YZ-module. Since finite direct sum of Ux~ 
injective R modules is ZY^-injective, k © E(R) is ZY^-injective. □ 

Example 3.6. Let (i?,m) be a commutative Noetherian and complete local ring. 
Assume that the depthR < 1. Then the residue field k = R/m is not Ux -injective. 


5 


Proof. Consider an exact sequence 0 —► k —» E(k) E(k)/k 0. Hence by [21 
Corollary 5.4.7], <j> is not an injective cover of E(k)/k. This implies that </> is not an 
Wa'-injective cover of E(k)/k. Then by Proposition 13.41 k is not ^-injective. □ 

We now give some characterizations of T-flat module: 

Proposition 3.7. The following are equivalent for a right R-module M: 

(1) M is X-flat; 

(2) For every exact sequence 0—>0 with C £ X, the functor 
M — preserves the exactness; 

(3) Ext R (M, G+) = 0 for all G £ X; 

(4) M+ is X-injective. 

Proof. (1) =>■ (2). Consider an exact sequence 0 —>■ H —> B ^ C —»• 0 with C £ X. 
Since M is A’-fiat, Tor^(M,C) = 0. Hence the functor M <£> — preserves the 
exactness. 

(2) =>■ (1). Let G £ X. Then there exists a short sequence 0 —> K —> F —> G — >0 
with F a projective module, which induces an exact sequence 0 —> Torf (M, G) —> 
M <S> K —> M <S> F — > M <g) G —> 0. By hypothesis, Tor^M, G) = 0. Thus M is 
T-flat. 

(1) <t=> (3). It follows from the natural isomorphism [12j p 34] Torf-(M,G) + = 
Ext 1 R {M,G+). 

(1) <£=> (4). It follows from the natural isomorphism [4] VI 5.1] Ext R (G, M + ) = 
Torp(M,G)+. ' □ 

Proposition 3.8. Let R be a coherent ring. Then a right R-module N is flat if 
and only if N is X-flat and fd(N) < 1. 

Proof, “only if’ part is trivial. Conversely, suppose that N is A'-flat. By Re¬ 
mark 13.71 N + is T’-injective. By [Ill Theorem 2.1], fd(N) = id(N + ). Then 
cores.dimu x {N + ) < 1 since cores.dimx{N + ) < id{N + ). By Proposition 13.31 N + 
is injective and hence N is flat. □ 

4. Wa'-PROJECTIVE cover and T-injective envelope 
N ow, we introduce T’-projective module. 

Definition 4.1. An R-module M is called a X-projective if Ext 1 R (M 1 X) = 0 for 
all R-modules X £ X. 

Remark 4.2. Every projective module is X-projective. The converse is need not 
be true. 

Example 4.3. Let (i?,m) be a complete local ring and (T’ ± ) _L = lAx■ Assume that 
the cores.dimu x (R) < 1. Then Ux(k)/k is Ux-projective, where k = R/m is the 
residue field andUxik) is Ux-injective envelope of k. 

Proof. Consider an exact sequence 0 —>• k —> E{k) —> E(k)/k —> 0, where is 
an injective envelope of k. Since cores.dimu x {R) < 1, Ux{k) = E{k ) and hence 
if is Wa'-injective envelope of k. Since the class of all Ux -projective modules is 
closed under extensions, then by [2U Lemma 2.1.2] Ux{k)/k = E{k)/k is Ux~ 
projective. □ 

We now introduce the following definition 

Definition 4.4. A ring R is called a left X-hereditary if every left ideal of R is 
X -projective. 
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Example 4.5. Semisimple ring, Dedekind domain and hereditary ring. 

Remark 4.6. Every hereditary ring is X-hereditary. The converse is need not he 
true since every X-projective is not necessarily projective. 

Given a class X of left R-modules, we write X ±2 = {N £ R—Mod \ Ext 2 R (X , N) = 

0 ,vie 4 

Example 4.7. Let R be a commutative Noetherian ring and X ±2 = Ux 2 , where 
X = {R/p : p £ SpecR}. Then R is an Ux 2 -hereditary ring. 

Proof. Let I be an ideal of R. We claim that I is Ux 2 -projective. By hypothesis, 
Ext 2 R (R/p , G) = 0 for all p £ SpecR and for all G £ Ux 2 - It follows that id(G) < 1. 
Thus Ext 2 R {R/I , G) = 0 for all ideals I of R and for all G £ Ux 2 ■ Consider an exact 
sequence 0 —>• I —»• R —> R/I —» 0. So Ext R (I, G) = 0 for all G £ Ux 2 ■ Hence I is 
G^ 2 -projective, as desired. □ 

Note that an R-module M is called a G^-projective if Ext R (M,U) = 0 for all 
R- modules U £ Ux■ Clearly, ( UxMx ) is a cotorsion theory. A ring R is called a 
7G-hereditary if every ideal of R is G^-projective. 

Proposition 4.8. A ring R is lAx-hereditary if and only if every submodule of a 
(Ux-)projective R-module is Ux-projective. 

Proof. Let I be an ideal of R. Then there is an exact sequence 0 —> I —> R —» 
R/I —>■ 0. By hypothesis, Ext 2 R {R/I,U) = 0 for any A-injective R-module U. 
Thus id(U) < 1. Let G be a submodule of an Ga'-projective module H. Then, 
for any A-injective module U, the sequence •••—>■ Ext R (H , U) —> Ext R (G, U ) —» 
Ext 2 R (H/G, [/)—>•••• is exact. Thus Ext R (G, U) = 0 since H is Ux -projective and 
id(U ) < 1. The reverse implication is clear. □ 

Example 4.9. Let R be a commutative Noetherian ring and X ±2 = Ux 2 , where 
X = {R/p : p £ SpecR}. Let S = M„(R). Then S is a Ux 2 -hereditary ring. 

Proof. By Example 14.71 R is Ux 2 -hereditary. For S = M„(R), the module cate¬ 
gories and s’S are equivalent by m Theorem 17.20]. From this natural eqi- 
valance, Ux 2 projective R-modules M correspond to Ux 2 projective R-modules N. 
Hence submodules of M correspond to submodules of N. By Proposition 14.81 all 
submodules of N are Ux 2 projective in R £. It follows that submodules of M are 
Ux 2 -projective in 5®. This implies that S' is a Ux 2 -hereditary ring by Proposition 
Ol □ 

In general, the class Ux of all 7/a--projective modules is not necessarily closed 
under pure submodules. If R is a hereditary ring, then Ux = R-Mod and Ux = Do¬ 
lt follows that Ux is closed under pure submodules. If R is 7G-hereditary, then Ux 
is need not be equal to Xq. Is it true that Ux a closed under pure submodules over 
a Z/(v-liereditary ring? We have the following 

Proposition 4.10. Let R be a Ux -hereditary ring. Then the class Ux is closed 
under pure submodules. 

Proof. Let A be a pure submodule of a 7/^-projective module H. Then we have to 
claim that A is G^-projective. Consider an exact sequence 0 —>■ A — > H —tH/A—t 
0. Then the following pullback diagram is commutative: 
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0 0 


K = I\ 


0-s- A - *~X --^0 


0- 9 - A - 9 - H - 9 - H/A - 9 - 0 


0 0, 

where P is projective. By Proposition 14.81 K is ^-projective. Also X is Ux~ 
projective since Ux is closed under extensions. In the middle row of the above 
diagram, the sequence Ext^X, G) —> Ext^A, G ) —» Ext^P, G) —> ■ ■ ■ is 

exact for any A-injective module G. It follows that Ext^A^G) = 0. Therefore A 
is Z/v-projective. □ 

Definition 4.11. [10] Let 1C be a class of R-modules. Then 1C is said to be Ka- 
plansky class if there exists a cardinal H such that for every M G 1C and for each 
x G M, there exists a submodule K of M such that x £ K C M, K, M/K G 1C and 
Card(K) < H. 

The following result is analog of Proposition 2.6 in [TO] . 

Proposition 4.12. Let R be a lAx-hereditary ring. ThenUx is Kaplansky. 

Proof. Let M G Ux and x G M. Then there exists an exact sequence in R-Mod 

P. =- > P 2 4 Pi 4 P 0 4 P° 4 P 1 4 • • • 

where P*’s and Pf s are projective R- modules and such that M = ker(P° —»• P 1 ). 
The complex P # is a complete projective resolution of M. Since every projective 
module is Zpf-projective, then Pf s and P*’s are ^-projective. It follows that 
the complex P. is a complete Zpr-projective resolution of M. We will construct a 
W^-projective submodule F of M with x G F. 

Since x G M, there exists y G Po such that f(y) = x by surjectivity of /, where 
/: Po —>• M. Consider < y >C P 0 and we get the inclusion map < y > —> Pq. By 
Remark 0 Lemma 5.3.12], a cardinal Ho and a submodule Po Q Po pure such that 
< U >C Po and Card(F 0 ) < H 0 . Let /(Po) C M and observe that /(Po) C P°. As 
before we obtain P° C P° pure and a cardinal Hi such that Card(F°) < Hi. Then 
consider the quotient P°//(P 0 ) and get P 1 C P 1 and H 2 such that Card(F 1 ) < H 2 . 

Now we reverse the process in the opposite direction and consider P° D P°/M. 
Then there exists a submodule D° of P° which applies in P° nP°/M. We get again 
po q po p Ure anc j suc h that D° C P/ and Card(F^) < H 3 . Let p°(P°) and 
obtain P/ C P 1 pure and H 4 such that p 0 (Ff) C P/ and Card(Ff) < H 4 . Now let 
Pi n M. Since / is surjective, there exists Dq C P 0 which applies in the preceding 
module. Let /(Po) C M and D\ C Pi which applies in /(Po)- We obtain P/ C Pi 
pure and H 5 such that Pi C P/ and Card(Ff) < H 5 . 

Again we start the construction going forward and we consider pi(P 1 1 ) C P 0 and 
proceed as before, going n steps forward, going back n + 1 steps and n + 2 forward 
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again. Then we take the union of all the complexes constructed in the “zig-zag” 
process 

F. =- > F x -> F 0 ->• F° —>• F 1 —>• • • • 

and we consider F = ker(F° —> F 1 ), which is a submodule of M which contains 
the element x and that by the construction, there exists a cardinal H such that 
Card{F ) < H. The complex F. is exact by its construction. Since F*’s and Ff s are 
pure submodules of ZCe-projective module, then by Proposition 14.101 these modules 
are ALr-projective. 

Finally, M/F is also Z/v-projective since the quotient complex P./F. is exact. □ 

Proposition 4.13. Let R be a Ux-hereditary ring. Then Ux is closed under direct 
limits. 

Proof. Let (M a | a S A) be a sequence of ZCt-projective modules over a directed 
index set A and canonical maps if a : M a —> M(= lim a ^\M a ). For every fb-injective 
l?-module G , there exists a short exact sequence 

o->G->f;4L->o (i) 

with E an injective module, which induces an exact sequence Hom R (M. E) —> 
Hom R (M, L) —> Ext l R (M,G) —> 0. We show that M is ZCc-projective. It is enough 
to show that Hom R (M, E) —> FfomR(M, L) is surjective. Let 7 £ FLorriR(M,L). 
Consider an exact sequence 0 —> / —> R —> R/1 — >-0, which induces an exact 
sequence • • • —» Ext R (I,G) —> Ext R (R/I,G) —> Ext R (R,G) Since R is 

^-hereditary, Ext R (R/I,G) = 0. Thus id(G) < 1. From (1), we get an exact 
sequence Ext R (N, E) —> Ext R (N 7 L) —>• Ext R (N 7 G) for any Z/*- 

projective F-module W. It follows that Ext R (N, L) = 0, i.e., L £ ZCe = Ux- 
Thus L is T-injective. Hence 7 factors through some M a . Then there is a map 
if a G HomR(M, M a ) such that 7 = 7 a i/j a , where 7 a £ F[omn(M a7 L). Since 
Ext R (M a ,G) = 0, Ftom,R(M a , E) —» FdoniR{M ai L) is surjective. Then there 
exists 7 £ Hom R (M a ,E) such that /%; = 7 «. Thus 7 = (Ffa)if a = 
ifjfa is required preimage of 7 . □ 

Theorem 4.14. Let R be a Ux-hereditary ring. Then every R-module M has a 
Ux-projective cover and an X-injective envelope. 

Proof. By Proposition 14. 121 Ux is a Kaplansky class. Since all projective modules 
are ZFr-projective, Ux contains the projective modules. Clearly, Ux is closed under 
extensions. By Proposition 14.131 Ux is closed under direct limits. Then by [TUI 
Theorem 2.9], ( UxMx) is a perfect cotorsion theory. Hence by Definition 12.11 
every module has a Ux ~cover and a ZCt-envelope. □ 

Now we introduce self T-injective ring. 

Definition 4.15. A ring R is said to be self X-injective if R over itself is an 
X-injective module. 

Example 4.16. QF-ring and self injective ring. 

We now give some characterizations of Ux -projective module: 

Proposition 4.17. Let R be a self X-injective ring and let M be an R-module. 
Then the following conditions are equivalent: 

( 1 ) M is Ux-projective; 

(2) M is projective with respect to every exact sequence 0— > A —> B —> C — s>0, 
with A an X-injective module; 
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(3) For every exact sequence 0 —>• K —> P —>• M —> 0, where P is X-injective, 
K —> P is an X-injective preenvelope of K ; 

(4) M is cokernel of an X-injective preenvelope K —>• P with P a projective 
module. 

Proof. (1) =>■ (2). Let 0 —> A —> B —>• C —> 0 be an exact sequence, where A is 
7b-injective. Then by hypothesis Homn(M, B) —» Homn{M,C) is surjective. 

(2) =>■ (1). Let N be an /b-injective P-module. Then there is a sequence 0 —» 
TV —>• P —*■ P —>■ 0 with E an injective envelope of N. By (2), Homn(M, E) —> 
Homn{M,L ) is surjective. Thus Ext R (M,N) = 0, as desired. 

(1) => (3). Clearly, Ext R (M,F') = 0 for all fb-injective F'. Hence we have an 
exact sequence Homn(F , F') —> Homn(K, F') —> 0. 

(3) => (4). Consider an exact sequence 0—>-A'—>-P—>-M—>-0 where P 
projective. Since R is self T-injective, every projective module is T’-injective. Hence 
P is T-injective. Then by hypothesis K —> P is an T’-injective preenvelope. 

(4) =>■ (1). By hypothesis, there is an exact sequence 0 —> K —> P —> M —> 0, 

where K —> P is an T'-injective preenvelope with P projective. It gives rise to 
the exactness of Ffomn(P, N) —> F[omn(K, N) —> Ext R (M, N) —>■ 0 for each X- 
injective P-modulc N. Since R is self T’-injective, Ftom^P, N) —>■ Homn(K, N) 
is surjective. Hence Ext R (M,N) = 0, as desired. □ 


Proposition 4.18. Let R be a self X-injective and Ux-hereditary ring. Then the 
following are equivalent for an R-module M: 

(1) M is coreduced Ux -projective; 

(2) M is a cokernel of an X-injective envelope K —» P with P a projective 
module. 

Proof. (1) => (2). Consider an exact sequence 0— > K —> P \ M — >0 with P a 
projective module. Since R is self T'-injective, P is fb-injective. By Proposition 
14.171 the natural map /: K —>• P is an 7b-injective preenvelope of K. By Proposition 
14.141 K has an 7b-injective envelope a: K —>• P . Then there exist j3 : P —> P and 
/3 : P —> P such that a = /3 f and / = /3a. Hence a = (/3/3 )a. It follows that 
/3/3 is an isomorphism, P = im(/3) ® ker(/3 ). Note that im(/) C im(/3), and so 
P/im(/) —> P/ im(/3) —>• 0 is exact. But M is coreduced and P/im(/) = M, 
and hence P/im(/3) = 0, that is, P = im(/3). So f! is an isomorphism, and hence 
/: K —> P is an 7b-injective envelope of K. 

(2) => (1). By Proposition 14. 171 M is Ux -projective and M is coreduced by [BJ 
Lemma 3.7] □ 


We are now to prove the main result of this section. 

Theorem 4.19. Let R be a self X-injective and Ux -hereditary ring. Then an R- 
module M is Ux-projective if and only if M is a direct sum of a projective R-module 
and a coreduced Ux -projective R-module. 

Proof. “If” part is clear. 

“Only if” part. Let M be a fpr-projective P-module. By Proposition 14.171 we 
have an exact sequence 0— > K —> P —> M —>0 with P a projective module, where 
K —> P is an T-injective preenvelope of K . By Proposition 14.141 I\ has an X- 
injective envelope / £ Homn(L\, P ) with P' an T-injective P-module. Then we 
have the following commutative diagram with exact rows: 
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0- K - P' 

a 

0- K -^ P - 

y ,P 

0- K -U- p' 


P'/imf 

<t> 

M — 

a 

P'/imf 


0 

0 

0 


Note that (3a is an isomorphism, and so P = ker /3 © im a. Since im a = P , P and 
ker (3 are projective. Therefore P / im / is a coreduced Z/v-projective module by 
Proposition 14.181 By the Five Lemma, acf> is an isomorphism. Hence, we have 
M = im</> © ker a, where im <f> = P / im/. In addition, we get the following 
commutative diagram: 


0 0 0 


0-s- 0-s- ker f3 - 9 - ker a - 9 - 0 


0-s- K 

0 - 


0 


■M ■ 


P'/imf- 


0 . 


0 

0 


Hence, ker a = ker (3. □ 

5. Some Relation Between Z/*-projective and T-injective modules 

In this section, we deals with <T-injective envelope of a module and Ux -projective 
module. 

Theorem 5.1. Let <j> : M —> A be an X-injective envelope. Then L = A/<j>(M) is 
Ux-projective and hence A is Ux-projective whenever M is Ux-projective. 

Proof. It follows from [531 Lemma 2.1.2]. □ 

Theorem 5.2. Let O^M^A^D^Obea minimal generator of all Ux~ 
projective extensions of M. Then A is an X-injective envelope of M. 

Proof. It follows from [531 Theorem 2.2.1]. □ 

Let M be a submodule of a module A. Then A is called a £/r-projective extension 
of a submodule M if A/M is ^-projective. 

Recall that among all Z/r-projective extensions of M we call one of them 0 —> 
M A —> D — »0a generator for £xt(Ux, M^j (or a generator for all Z/y-projective 
extensions of M) if for any Z/r-projective extension 0 — > M —> A! —>• D' —>• 0 of M, 
then there is a commutative diagram 
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0-s- M -^ A' ->■ D' ->■ 0 

0-a- M -^ A - D -- 0. 

Furthermore, a generator 0 —> M ^ A —> D —>■ 0 is called minimal if for all the 
vertical maps are isomorphisms whenever A! , D' are replaced by A , D , respectively. 

Theorem 5.3. Let R be a lAx-hereditary ring. Then for an R-module M, there 
must be a minimal generator whenever £xt(lLx, M^j has a generator. 

Proof. It follows from (24] Theorem 2.2.2]. □ 

Theorem 5.4. Suppose that an R-module M has an X-injective envelope. Let M 
be a submodule of an X-injective R-module L. Then the following are equivalent: 

(1) i: M —» L is a special X-injective envelope; 

(2) L/M is Ux-projective, and there are no direct summands L\ of L with 
L\ ^ L and M C L\; 

(3) L/M is Ux-projective, and for any epimorphism a: L/M —>• N such that 
an is split, N = 0, where n: L —> L/M is the canonical map; 

(4) L/M is Ux-projective, and any endomorphism 7 of L such that 7 * = i is a 
monomorphism; 

(5) L/M is Ux-projective, and there is no nonzero submodule N of L such that 
M (~l N = 0 and L = (M © N ) is Ux-projective. 

Proof. (1) <=> (2) follows from [2H Corollary 1.2.3] and Theorem 15. II 

(2) => (3). Since 0:71 is split, there is a monomorphism /3 : N —>■ L such that 
L = ker(a 7 r) © £){N). Note that M C ker(a 7 r), and so L = ker(a 7 r) by (2). Thus 
f3(N) = 0, and hence N = 0. 

(3) => (2). If L = Li©iV with M C Lj. Let p: L —> N be a canonical projection. 
Then there is an epimorphism a: L/M —> N such that an = p. Thus JV = 0 by 
hypothsis, and hence L = L\, as required. 

(1) => (4). By Wakamatsu’s Lemma [9] Proposition 7.2.4], L/M is ZY^-projective. 
Since 7 i = i and i is monomorphism, 7 is monomorphism. 

(4) => (1). Since L/M is ^-projective, i is a special T-injective preenvelope. Let 
ip: M Ux{M) be an T-injective envelope of M. Then there exist /x: L —y Ux(M) 
and v: Ux{M) —> L such that pi = ip and vip = i. Hence puip = %p and i = vpi. 
Thus pv is an isomorphism, and so p is epic. In addition, by (4), vp is monic, and 
hence p is monic. Therefore p is an isomorphism, and hence i is an T-injective 
envelope of M. 

(1) => (5). It is obvious that L/M is tLr-projective. Suppose there is a nonzero 
submodule N C L such that M fl N = 0 and L = (M © N) is ZLr-projective. Let 
7 r: L —> L/N be a canonical map. Since L/(N © M) is ZL^'-projective and L is 
T-injective, there is a /3 : L/N —> L such that the following diagram with row exact 
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is commutative. Hence /3iri = i. Note that i is an envelope, and so fhr is an 
isomorphism, whence 7r is an isomorphism. But this is impossible since tt(N) = 0. 

(5) => (1). Let ipM ■ M —»• Ux{M) be an A-injective envelope of M. Since L/M 
is YYr-projective, i is a special T-injective preenvelope. Thus we have the following 
commutative diagram with an exact row. 


0 M —U X {M) —— Q 0 



L 


i.e., fil>M = i, gi = V’m- So gfipM = if m■ Note that i/’m is an A-injective envelope, 
and hence gf is an isomorphism. Without loss of generality, we may assume gf = 1. 
Write a = <f>g: L —»• Q. It is clear that a is epic and M n ker(g) = 0. We show 
that M © ker(g) = ker(a). Clearly, M © ker (g) C ker(a). Let x £ ker(a). Then 
a(x) = <j>g{x) = 0. It follows that g(x) = ifM(m) for some m £ M, and hence 
fg(x) = fil>M{m) = m,g{x) = gfg{x) = g(m). Thus x £ M ©ker (g), and so 
ker (a) C M ffiker(g), as desired. Consequently, L = (M ©ker(g)) = L/ker(a) = Q 
is W^-projective by Wakamatsu’s Lemma. Thus ker(g) = 0 by hypothesis, and 
hence g is an isomorphism. So i: M —> L is an A-injective envelope. □ 

A submodule of A-injective module need not be A-injective. 

Example 5.5. Let (R, m) be a commutative Noetherian and local domain. Assume 
that depthR < 1. Then the submodule k of injective envelope E{k) of k is not 
X-injective. 

Proof. Consider an exact sequence 0 —► k -» E(k) % E(k)/k -£ 0. Hence by [3 
Corollary 5.4.7], <f is not an injective cover of E(k)/k. This implies that <f is not an 
ZY;r-injective cover of E{k)/k. Then by Proposition 13.41 k is not A-injective. □ 

Theorem 5.6. Let R be a Ux-hereditary ring and let M be any submodule of an 
X-injective R-module A. Then the following are equivalent: 

(1) i: M —>• A is a special X-injective envelope of M\ 

(2) A is a Ux-projective essential extension of M. 

Proof. (1) => (2). It follows by Proposition 15.41 

(2) =>■ (1). By hypothesis, we have an exact sequence: 0 —> M —> A —> L —>0 
with A an T-injective module and D an ZY^-projective module. This sequence is a 
generator of all ZY,r-projective extensions of M. By Theorem 15.31 and 15.21 we have 
an ZY^-projective extension sequence of M 0 —>• M —> A’ —> L' —> 0 which gives an 
T-injective envelope of M. Then we have the following commutative diagram: 


0 

0 


M A' —+ V 

9 f 

M —^ A — 3 -^ L 


0 

0 . 


It is easy to see that A = f(A') © ker(g). We claim that ker (g) = 0. Since 
M = fa (M) C /(A'), ker(g) (~l M = 0. We define the following homomorphism 
if’- A/(M ©ker(g)) —> L', a + ( M ©ker(g)) i->- a g{a). Obviously, if is well defined. 
By diagram chasing, we see that if is injective. But both g and (3 are surjective, 
so is if. Therefore, ker(g) is ZY^-projective essential extension of A/ker(g). This 
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contradicts the hypothesis that A is ZY^-projective essential extension of M. This 
implies that ker (g) = 0 and so / is an isomorphism. □ 

6 . T’-injective cover 

In this section, we assume X is the class of all pure projective modules and we 
prove that all modules have T-injective covers. 

Proposition 6.1. The class Ux of all X-injective modules is closed under pure 
submodules. 

Proof. Let A be a pure submodule of an T-injective module M. Then there is 
a pure exact sequence 0 —>• A —> M —y M/A —» 0 and a functor Homu{X,—) 
preseves this sequence is exact whenever X £ X. This implies that the sequence 
0 — > Homn(X , A) —> Homn(X, M) —»• Homn(X, M/A) —»• Ext^X, A) —» 0 is also 
exact for all X £ X. It follows that Extj i (X, A) = 0 for all A' £ X , as desired. □ 

Theorem 6.2. Every R-module has an X-injective preenvelope. 

Proof. Let M be an i?-module. By [SJ Lemma 5.3.12], there is a cardinal number Hq, 
such that for any R- homomorphism <j>: M —> G with G an T-injective R- module, 
there exists a pure submodule A of G such that |A| < and <j>(M) C A. Clearly, 
Ux is closed under direct products and by Proposition 16.II A is T-injective. Hence 
the theorem follows by [HI Proposition 6.2.1]. □ 

Proposition 6.3. The class Ux of all X-injective modules is injectively resolving. 

Proof. Let 0 —> Mi -4 M 2 M 3 —)• 0 be an exact sequence of left .R-modules with 
Mi, M 2 € Ux- Let G £ Ux- By Theorem 16.21 every module has a ZCr-preenvelope. 
By [23j Lemma 1.9], G has a special W^-preenvelope. By JT3] Lemma 2.2.6], G has 
a special Ux~ precover. Then there exists an exact sequence 0 —> K —> A—> G —>-0 
with A £ Ux and I\ £ Ux- We prove that M 3 is T-injection, i.e., to prove that 
Ext^G, M 3 ) = 0. For this it suffices to extend any a £ Homu(K, M 3 ) to an 
element of Homn(A, M 3 ). Clearly, K has W,r-precover, 

0 , 

where K, K £ Ux and A! £ Ux- As the class Ux is closed under extensions, 
A! £ Ux- Since aog: A' — > M 3 with A £ Ux and Mi an T-injective module, then 
there exists /3: A! —> M 2 such that if o fj = a o g. That is, the following diagram is 
commutative 


A' 

I 

1/3 

Y 

M2 


9 


K 


a. 



Now, we define (3 fim^: A' —> im </>, where \ is a restriction map. Then there exists 
7 : K' —> Mi such that /3 ( f(K ')) = (fry(K'). Hence we have the following 

commutative diagram 


0 


K' 

1 

l 7 
Y 

Mi 



0 


1/3 


Y 

M 2 




K 

Ot 

M 3 


0 


0 


0 . 
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The A-injectivity of Mi yields a homomorphism 71 : A! —> Mi such that 7 = 71 of. 
So for each k! G K 1 , we get (/3o f){k') = ((/>°'y)(k l ) = {4>° (71 ° f))(k'). Then there 
exists a map j 3 i G Homn(K , M 2 ) such that /3 = f}\ o g and we get a = ip o Thus 
the following diagram is commutative 


0-^ K' — U- A' 9 > 0 

d v'.| 

V > 0 Y ^ 

0-^ Ml — A- M 2 —^ M 3 -^ 0. 

Since M 2 is A-injective, there exists p G Honin(A, M 2 ) such that (3i = po f. Thus 
a = ipo/3i = ipo/pof), where ipop G Homn(A, M 3 ). Hence M 3 is A-injective. □ 

Proposition 6.4. TTie class A/t is injectively resolving if and only if for every pure 
submodule A of M, M/A is also X-injective. 

Proof. Assume that Ux is injectively resolving. Let M G Ux and A be a pure 
submodule of M. By Proposition 16.11 A is A-injective. From the short exact 
sequence 0 —> A —t M —>■ M/A —>■ 0, we get M/A is A-injective. Conversely, 
assume that for every M G Ux and every pure submodule A of M, M/A is A- 

f 

injective. Let 0 —> M\ —> M 2 —> M 3 -4 0 be an exact sequence of i?-moclules with 
Mi, M 2 G Ux- By the A-injectivity of Mi, we get im/ C M 2 is also A-injective. 
Thus im / is pure in M 2 . By assumption, M 2 /im/ G 1/r- Since M 2 /im / = M 3 , 
M 3 G Hence Z/r is injectively resolving since lo Q Ux- □ 

We recall that R is Noetherian if and only if every direct sum of injective R- 
modules is injective [E[[ Theorem 3.1.17]. 

The following result establishes an analog version of Theorem 2.6 in [Hl- 

Theorem 6.5. Let R be a Noetherian ring. Then every R-module M has an X- 
injective precover. 

Proof. Let A be a set with Card(X) < n, where k is the cardinal in [3] Theorem 5]. 
Denote V(X) the power set of X. We find all the binary operations *: GxG->G 

for each element G G V{X) and we get a new collection Ug e p(x) {G, *} = {?. From 

Q , find all the scalar multiplications, which are functions from the cross product 
into itself. This remains a set U Gev(x) {(G, *, •)} which is denoted by Q. Some 
collection of members of Q form a module and we can get the class Q of A-injective 
modules which is contained in the class Ux- Clearly Iq is contained in the class Q. 
Since R is Noetherian, (B NeXo N( HomR ( N ’ M )) is an injective module and hence it is 

A-injective. We prove that 0^^ A/. j s an A-injective precover. 

That is, to show that if for any homomorphism N' —> M with N' G Ux , then that 
the following diagram 


N' 

Y 

N&Xo 
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is commutative. 

Let K be the kernel of the map N' —> M, where N' is sufficiently large. Then 
N'/K is sufficiently small since \N'/K\ < \M\. By Bashir’s Theorem [3], K has a 
nonzero submodule L that is pure in N'. Therefore L is A’-injective by Proposition 
0 This implies that N'/L is A’-injective by Proposition 16.41 If N'/L is still 
sufficiently large, then repeat the process from the map N'/L M. Since N’/K\ 
is sufficiently small, I\\/L has a nonzero submodule L\/K\ that is pure in N'/L. 
Thus {N'/K\)/(L\/Ki) = N'/L\ is A’-injective. But again, this may be too large. 
Then by continuing this process we get Urn {N'/L/) is A’-injective since Ux is closed 


under direct limits and it is sufficiently small, namely lin} (N 1 /Li) < k. Then the 
map N' —> M can be factored through an A’-injective module lim (N’/Lj). Let 
/ G Homn( linj. (N'/L/), M). We define a map /: lirrj (N 1 /Li) —> 0 ]y(Hom R (N,M)) 

such that f(n' + L') = (n/, 0,0, ■ • •), with rif = n. Clearly, / is a linear map. Then 
the following diagram 


lim N'/Lj 

^ " / 

/ ' ' 

0 J\f( H om R (N,M))t _^ M 

Nei o 

is commutative. Hence we get the following commutative diagram 


N' 



Thus, 0 N( H °mR(N,M)) m an ^-i n j ec ti ve precover. □ 

Jvei 0 

Proposition 6.6. Let R be a Noetherian ring. Then the class of all X-injective 
modules is closed under direct limits. 

Proof. Let (U a | a G A) be a sequence of A’-injective modules over directed index 
set A and canonical maps <p a : U a —> U, where U = lirn a <z\U a . For every X- 
injective f?-module G , there exists a short exact sequence O^K^-P^-G^-0 
with P a projective module, which induces an exact sequence Homn(P,U) —» 
Homn(K,U) —> Ext]i(G,U) —> 0. We show that U is A'-injective. We need only 
to show that Homn(P,U) Hoitir(K,U) is surjective. Let /3 G Hoitir(K,U). 
By Proposition 14.81 K is Z^-projective. Thus /3 factors through some U a . Then 
there is a map tj> a G Homn(U a ,U) such that /3 = 4> a /3 a - Since Ext^GjUa) = 0, 
Homn(P, U a ) Homn(K, U a ) is surjective. Then there exists /3 a G Homn(P, U a ) 
such that /3 a = f} a g. Hence <j> a (3 a is the required preimage of /3. □ 

The following Theorem follows from Theorem 16.51 and Proposition 16.61 

Theorem 6.7. Let R be a Noetherian ring. Then every R-module has an X- 
injective cover. 
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